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Abstract 

We present the first three-dimensional (3D), time-dependent, self-consistent numerical solution of the magneto- 
hydrodynamic (MHD) equations that describe thermal convection and magnetic field generation in a rapidly rotating 
spherical fluid shell with a solid conducting inner core. This solution, which serves as a crude analog for the 
geodynamo, is a self-sustaining supercritical dynamo that has maintained a magnetic field for three magnetic 
diffusion times, roughly 40 000 years. Fluid velocity in the outer core reaches a maximum of 0.4 cm s-1, and at times 
the magnetic field can be as large as 560 gauss. Magnetic energy is usually about 4000 times greater than the kinetic 
energy of the convection that maintains it. Viscous and magnetic coupling to both the inner core below and the 
mantle above cause time-dependent variations in their respective rotation rates; the inner core usually rotates faster 
than the mantle and decadal variations in the length of the day of the mantle are similar to those observed for the 
Earth. The pattern and amplitude of the radial magnetic field at the core-mantle boundary (CMB) and its secular 
variation are also similar to the Earth's. The maximum amplitudes of the longitudinally averaged temperature 
gradient, shear flow, helicity, and magnetic field oscillate between the northern and southern hemispheres on a time 
scale of a few thousand years. However, only once in many attempts does the field succeed in reversing its polarity 
because the field in the inner core, which has the opposite polarity to the field in most of the outer core, usually does 
not have enough time to reverse before the field in the outer core changes again. One successful magnetic field 
reversal occurs near the end of our simulation. 

1. Introduction 

A fundamental goal of geophysics is a coher- 
ent understanding of the geodynamo, the mecha- 
nism that generates the Earth's magnetic field in 
the liquid, electrically conducting, outer core. As 
described by Parker (1955), east-west fluid flow 
shears poloidal (meridional) magnetic field gener- 
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ating new toroidal (east-west) field while helical 
fluid flow twists toroidal magnetic field generat- 
ing new poloidal field. However, a more detailed 
self-consistent description of the magnetohydro- 
dynamics of the Earth's core is required to an- 
swer many fundamental questions about the 
structure and evolution of the geomagnetic field. 

Several attempts have been made to develop 
self-consistent convective dynamo models. Fearn 
and Proctor (1987) developed a dynamo model 
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that neglected the inertial and viscous forces in 
the momentum equation (because they are ex- 
pected to be small in the Earth's liquid core) and 
used Taylor's constraint (Taylor, 1963) to deter- 
mine the geostrophic flow; however, no con- 
verged solutions were found with this method. 
Zhang and Busse (1989, 1990) studied convective 
dynamos near the onset of convection using a 
severely truncated model that is constrained to be 
symmetric with respect to the equator and either 
two or four times periodic in longitude (opposed 
to fully three dimensional) and periodic in time 
(opposed to fully time dependent). However, as 
those workers pointed out about their conver- 
gence checks, their 'solutions obtained for N x = 4 
differ significantly in their quantitative aspects 
from those obtained for N v = 3' (Zhang and 
Busse, 1989) and they 'tend to diverge when the 
Rayleigh number is increased too far from its 
critical value or when high Taylor numbers T are 
approached' (Zhang and Busse, 1990). 

There have been a few successful attempts 
numerically to simulate convective dynamos with 
self-consistent, fully nonlinear, time-dependent, 
3D models. Convective dynamos have been simu- 
lated in planar (Cartesian) geometry to study 
local dynamo action by Meneguzzi and Pouquet 
(1989), Brandenburg et al. (1990), Nordlund et al. 
(1992) and St. Pierre (1993). Full global geometry 
was included in the original 3D spherical shell 
models of the solar dynamo by Gilman and Miller 
(1981), Gilman (1983), and Glatzmaier (1984, 
1985a,b) and in a recent model by Kageyama et 
al. (1995). However, of these, only the recent 
models by St. Pierre and Kageyama et al. gener- 
ate magnetic energy an order of magnitude 
greater than kinetic energy and therefore begin 
to approach the strong-field regime appropriate 
for studying the geodynamo. In the other models, 
the generated magnetic energy was several orders 
of magnitude less than the kinetic energy. 

In this paper we present the first self-con- 
sistent 3D numerical simulation of a convective 
dynamo in spherical geometry that generates a 
magnetic field with energy at least three orders of 
magnitude greater than the kinetic energy of the 
convection. Although our simulation is still far 
from a realistic simulation of the geodynamo, the 

parameters, except fluid viscosity, are appropriate 
for the Earth and we begin to make meaningful 
comparisons with observations and measure- 
ments. 

2. The model 

The anelastic magnetohydrodynamic (MHD) 
model and numerical method have been de- 
scribed in detail elsewhere Glatzmaier, (1995). 
The preliminary solution presented here was ob- 
tained using the same numerical method but a 
simpler set of equations for which the reference 
state density ~ and temperature T and the vis- 
cous ~, thermal ~ and magnetic ~ diffusivities 
are assumed constant, the density perturbation is 
proportional to only the temperature perturba- 
tion (using a constant coefficient of volume ex- 
pansion ~), and viscous and Joule heating are 
neglected, i.e. using the Boussinesq approxima- 
tion. For the present solution, only thermal con- 
vection is modeled and it therefore approximates 
the combined effects of compositional and ther- 
mal convection. In addition, the effects on the 
outer core of luni-solar precession of the mantle 
and the effects of core-mantle boundary (CMB) 
topography were not represented in this simula- 
tion. 

The time-dependent (unbarred) perturbation 
variables are functions of the spherical coordi- 
nates (r, 0, &) in a frame of reference rotating 
with angular velocity 1"1 = 1~. We scale the tem- 
perature T and pressure p perturbations (relative 
to the reference state) and the fluid velocity v 
and magnetic field B by Q/(cp~£d),  2 ~ ~ ,  ~/d ,  
and ( 2 ~ 0 ~ )  1/2, respectively, where Q is the 
specified outward heat flow at the inner core 
boundary (ICB), cp is the specific heat capacity of 
the core fluid, d is the depth of the outer core 
(RcM a - Rica), and ~o is the (constant) magnetic 
permeability of both the liquid outer core and 
solid inner core (/z 0 = 4~" when B is in gauss and 
c.g.s, units are used). We solve the following 
scaled Boussinesq equations for the outer fluid 
core: 

v - . = o  (1) 

V . B  = o (2) 
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0 = - V p  + Rag'T# + v ×~ + E~72v 

+ e ( v  XB) XB (3) 

a B  
- -  = V x  (v XB) +PVZB (4) 
at 

OT 
- -  = - v  . V T +  V X T  ( 5 )  
bt 

Here g '=g /go ,  the gravitational acceleration 
scaled by its value at the CMB, and is approxi- 
mately proportional to radius. (It is not exactly 
proportional to radius in the liquid core because 
we assume the density of the solid core is 16% 
greater than that of the liquid core.) The dimen- 
sionless parameters are the modified Rayleigh 
number, 

goffQ 
Ra 

the Ekman number, 

E = - -  
21)d 2 

and the ratio of the diffusivities, 

p = - -  
ff 

For the inner solid core, we solve only Eqs. (2) 
and (4) with the (time-dependent) solid body ro- 
tation of the inner core determined at the ICB. 

The inertial terms in the momentum equation, 
(3), were dropped because their expected contri- 
bution was small compared with the other forces 
in the momentum equation. The advantage of 
this approximation is that it eliminates the 
Courant condition on the numerical timestep ow- 
ing to the Alfv6n velocity (St. Pierre, 1992), which 
would require a much smaller timestep than that 
determined by just the usual Courant condition 
owing to the convective velocity. This is a signifi- 
cant advantage, as the radial magnetic field, un- 
like the radial velocity, does not go to zero at the 
boundaries where the radial grid is the finest. 
However, we find that our timestep still needs to 
be roughly ten times smaller than what the usual 
Courant condition would dictate during most of 
the simulation to maintain numerical stability. 
The reason for this, as pointed out by Hollerbach 

and Ierley (1991), is that the model equations are 
very stiff. That is, the magnetic field evolves in a 
way that usually maintains a small magnetic 
torque on the boundaries. However, once in a 
while when the magnetic torque does become 
large, a large zonal flow is temporarily needed to 
produce a correspondingly large viscous torque; 
and at this time a small timestep is required. 

Hollerbach and Jones (1993b, 1995) have 
demonstrated with their 2D axisymmetric inter- 
mediate dynamo simulations that magnetic cou- 
pling to a solid conducting inner core stabilizes 
the magnetic field generated in the outer core. 
Our model provides for magnetic coupling to the 
inner core below and to the mantle above. Mag- 
netic coupling to the inner core is achieved by 
solving for the time-dependent magnetic field that 
diffuses into the inner metallic core. Boundary 
conditions force the three components of the 
magnetic field and the horizontal components of 
the electric field to be continuous at the ICB. We 
treat the mantle differently because most of the 
mantle is a very poor electrical conductor except 
for a shallow layer just above the CMB. Magnetic 
coupling to this lower-mantle region is imple- 
mented by using a thin conducting shell approxi- 
mation and assuming a perfect insulator exterior 
to the thin shell. This results in a boundary condi- 
tion on the magnetic field at the CMB involving 
the radial integral of the electrical conductivity in 
the lower mantle. 

Although viscous forces are probably relatively 
small in the outer core they have been retained in 
the momentum equation, (3), to damp small spa- 
tial scales and, as we have neglected the inertial 
terms, to provide simple torques to balance any 
net magnetic torques that develop at the ICB and 
CMB. 

The boundary conditions on the velocity at the 
ICB and CMB are impermeable, no-slip condi- 
tions. This results in viscous coupling to the inner 
core and mantle. The solid inner core below and 
the solid mantle above are also allowed to rotate 
about any axis through the center so that the 
total angular momentum of the mantle, outer 
core and inner core remains zero in the rotating 
frame of reference. As we neglect the inertial 
terms for the outer core, we chose to neglect 
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them also for the inner core and mantle. Conse- 
quently, the sum of the magnetic and viscous 
torques parallel to the rotation axis of the refer- 
ence frame vanishes on the ICB and CMB (Gub- 
bins, 1981; Hollerbach and Jones, 1993a), and the 
sums of the small off-axis components of these 
torques at the ICB and CMB balance the Coriolis 
torques owing to the moments of inertia of the 
inner core and mantle, respectively. This allows 
the model to simulate changes in the length of 
the day owing to core dynamics. 

An isothermal boundary condition is placed on 
the temperature at the CMB, and a spherically 
symmetric radial heat flux boundary condition is 
applied at the ICB. These provide the superadia- 
batic temperature drop across the outer core that 
drives the convection. There is no prescribed 
internal heating. The prescribed heat flux at the 
ICB is intended to mimic the precipitation of 
light (compositionally buoyant) material that 
would result from iron plating onto the solid 
inner core (Braginsky, 1963). 

As described by Glatzmaier (1995), the three 
thermodynamic variables, three components of 
mass flux, and three components of magnetic 
field are expanded in spherical harmonics to re- 
solve their horizontal structures and in Cheby- 
shev polynomials to resolve their radial struc- 
tures. A full Chebyshev space is employed in the 
outer core and a half Chebyshev space in the 
inner core for the magnetic field. A poloidal- 
toroidal representation automatically satisfies 
Eqs. (1) and (2) for the divergence-free mass flux 
and magnetic field. A spectral transform method 
allows the nonlinear terms to be calculated in 
physical space whereas all spatial derivatives and 
time-integrations are performed in spectral space. 
The time-integration treats the nonlinear terms 
explicitly with an Adams-Bashforth method and 
the linear terms implicitly with a Crank-Nicolson 
method. The system of equations is solved for 
each timestep with a Chebyshev collocation 
method in the following order. After updating the 
magnetic field (4) and temperature (5), the new 
Lorentz force and buoyancy force are computed 
and used to balance the Coriolis, pressure gradi- 
ent and viscous forces in (3) in the process of 
solving for the velocity and pressure. As all de- 

grees, l, of the spherical harmonic coefficients of 
velocity and pressure (for a given spherical har- 
monic order, rn) are coupled, they are solved 
simultaneously in a large block banded matrix. 
The major difference between this model 
(Glatzmaier, 1995) and that of the earlier solar 
dynamo model (Glatzmaier, 1984) is that in the 
earlier model the Coriolis terms are treated ex- 
plicitly so each spherical harmonic component of 
the equations can be solved independently. 
Therefore, instead of solving a large block banded 
matrix for each m, the small block matrices for 
each l and rn can be solved separately, which 
requires much less memory and cpu time for a 
given numerical resolution. The new method is 
preferred when one wishes to study problems 
such as the geodynamo for which the Coriolis and 
Lorentz forces are the two dominant forces and 
the viscous force is relatively small. That is, for 
numerical accuracy and stability considerations, it 
is better to solve for the velocity implicitly through 
the Coriolis force instead of solving for it only 
through the viscous force based on the small 
explicit difference between the two dominant 
forces. 

Our model has been validated by comparing 
several of our numerical solutions with fluid dy- 
namic experiments and with solutions obtained 
by others. Numerical solutions from a modified 
version of our convection model have produced 
good qualitative agreement with the results of a 
rotating, hemispherical, convection experiment 
flown on SpaceLab 3 aboard a Space Shuttle in 
1985 (Hart, et al., 1986). Another version of our 
model produced solutions in agreement with a 
centrifuge convection experiment conducted at 
Johns Hopkins University (Cardin and Olson, 
1992; Glatzmaier and Olson, 1993). Our bench- 
mark solutions of 3D thermal convection showed 
excellent agreement with those obtained by an- 
other model (Bercovici et al., 1989). An axisym- 
metric (alpha-omega intermediate) version of our 
dynamo model, with a finitely conducting and 
rotating inner core, produced a benchmark solu- 
tion in extremely good quantitative agreement 
(R. Hollerbach, personal communication, 1994) 
with the periodic intermediate dynamo solution 
that Hollerbach and Jones (1993b, 1995) obtained 
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using a different numerical method (Hollerbach, 
1994). 

The problem we have simulated is defined by 
Eqs. (1)-(5) and one choice of the key dimension- 
less parameters: R I c a / R c M  B = 0.35; Ra = 5.7 x 
107; E = 2.0 X 10-6;  P = 10. In addition, to maxi- 
mize magnetic coupling to the lower mantle, we 
assume a layer 0.04d thick above the CMB that 
has the same electrical conductivity as the core. 
To relate our simulation to the Earth, we choose 
the following geophysically realistic dimensional 
parameters that satisfy the above values of Ra, E, 
and P: ff = 10 -5 K -1, Cp = 6.7 x 106 erg (g K) -1, 
d = 2.26 X 108 cm, go = 1.1 X 103 cm s -2,  ~ = 11 
g cm -3, f l  = 7.27 X 10 -5 s -1, ~ = 3 X 104 
cm 2 s -1, Q = 5 x 1020 erg s -1, ~ = 3 × 103 

cm 2 s - t .  Here  ~ represents a sub-grid scale eddy 
diffusivity and Q represents a combined thermal 
and compositional buoyancy source. The mag- 
netic diffusion time, normally defined as rn = 
RCMBZ/('n'2~), becomes 1.3 X 10 4 years. How- 
ever, with the above choice of dimensional pa- 
rameters, the Ekman number of 2 x 10 -6  implies 
a viscosity of ~ = 1.5 x 107 cm 2 s -1 ,  making the 
Prandtl number Pr = ~/ff  = 5000 and the mag- 
netic Prandtl number Pm = ~ / ~  = 500, which is 
geophysically unrealistic. The commonly accepted 
value of the molecular viscous diffusivity, ~ = 10 -2 
cm 2 s -1  (Gans, 1972), implies E --- 10-15, which is 
beyond computational reach if one wishes to re- 
solve the Ekman boundary layer. A reasonable 
eddy viscous diffusivity would be comparable with 
the eddy thermal diffusivity, 3 × 10 3 cm 2 s -  I. This 
would make E = 10-~0, but this is also at present 
out of reach using our current numerical method. 
It is hoped that our value of E = 2 x 10 -6  is 
small enough to provide the correct trend. That 
is, although we would like the (eddy) viscous 
force in the bulk of our simulated fluid core to be 
about nine orders of magnitude smaller than the 
other forces in (3), it actually is about six orders 
of magnitude smaller (except in the boundary 
layers, where it is comparable with the other 
forces); so our results may very well be in the 
correct asymptotic regime. 

As we have dropped the inertial terms in (3), 
our choice of dimensional parameters is not a 
unique way of satisfying our choice of dimension- 

less parameters. One could make the following 
changes using positive scale factors a and c: 
l'~ ~ alq, ~ ~ c~ ,  ~ --, av,  x --* c~, Q --, ac2Q This 
has the following consequence: 

a a 1 
Pr-  cPr, Pm cPm, - C 7"~. 

Then, for example, setting a = 2 X 10 -4  and c = 1 
would give more acceptable Prandtl numbers at 
the expense of an unacceptable rotation rate. 

Also, our Ekman and Rayleigh numbers have 
been calculated using the values of the diffusivi- 
ties 'seen' only by the large spatial scales. We use 
'hyper-diffusivities' that increase with the spheri- 
cal harmonic degree 1 of the variable they act on 
in the following way: 

F( t )  = F(1 + 0.075/3) 

This damps the small scales while allowing the 
large scales to experience much less diffusion. 
Physically, a hyper-diffusivity accounts for the 
presumed greater tendency for small-scale (re- 
solved) eddies to transfer heat and momentum to 
sub-grid scale eddies because they are closer in 
size. By calculating the critical Rayleigh number 
using the hyper-diffusivities but no magnetic field, 
we estimate that our Rayleigh number is about 
2000 times critical for this Ekman number. 

In grid space, we use 49 Chebyshev radial 
levels in the outer core and 17 in the inner core 
with 32 latitudinal levels and 64 longitudinal lev- 
els. In spectral space, all Chebyshev degrees up 
to 46 are used in the outer core and only even 
degrees up to 30 in the inner core; and we use a 
triangular truncation of spherical harmonics, with 
degrees and orders up to 21. The 'hyper-diffusivi- 
ties' make it possible to simulate large Rayleigh 
number, small Ekman number convection with 
this (relatively low)spatial  resolution for the 2 x 
106 timesteps that were required to span three 
magnetic diffusion times, starting from small tem- 
perature perturbations and a seed magnetic field. 

3. Results 

With our choice of scaling we are able to 
describe our results in dimensional units. The 
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three magnetic diffusion times that our simula- 
tion spans represents approximately 40 000 years. 
Our maximum fluid velocity, Urea×, is about 0.4 
cm s-~, corresponding to a Rossby number, Ro = 
Umax/(2f~d) , of roughly 10 -5. Tempera ture  per- 
turbations can be as high as Tma × = 10 -2  K. Our 
value of Bma x is about 560 gauss, which usually 
occurs near the ICB; and the ratio, ~ ' /g% of the 
magnetic to kinetic energies is typically about 
4000. 

It should be noted that re-scaling with parame- 
ters a and c as outlined in the previous section 
would cause the following changes: 

U m a  x ~ C U m a  x , Tmax --~ acTma x , 

Bmax ~ ( ac)  1/2B . . . .  

c ~" a.g¢ 
Ro ~ - R o ,  - -  ~ 

a g~ c $ "  

H o w e v e r ,  t h e  m a g n e t i c  R e y n o l d s  n u m b e r ,  

Umaxd/~  ~ 3 X 10 3, t he  E l sa s se r  number,  Bmax/2 
( 2 ~ / z 0 p  ~ )  --~ 5 X 10 2, t h e  H a r t m a n n  n u m b e r ,  

B m a x d / ( t Z o P ~ )  ]/2 = 2 X 10 4, t he  m a g n e t i c  cou-  

p l ing  parameter ,  B2maJ(2f~txo~dumax) ~- 0.2, and 
the Nusselt number, ATo/AT = 60 (where AT 0 is 
the superadiabatic temperature  drop that would 
exist across the outer core were there only ther- 
mal diffusion and no convection) all remain unaf- 
fected by this re-scaling. 

Our solution is a self-sustaining dynamo, for a 
magnetic field has been maintained for three 
magnetic diffusion times. This is illustrated in 
Fig. 1, where the total kinetic energy (relative to 
the rotating frame of reference) and magnetic 
energy, integrated over the volume of the outer 
core, are plotted vs. time for roughly the last half 
of the simulated time. An even stronger argu- 
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Fig. 1. Magnetic and kinetic energies integrated over the outer core and plotted vs. time for the last part of the simulation, 
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ment can be made when one computes (integrat- 
ing over the volume of the outer core and using 
the magnetic hyper-diffusivity) the characteristic 
magnetic energy dissipation time proposed by 
Cattaneo et al. (1991), 

(B 2) 
T ~  

(~Iv×BI 2) 

This was typically about 700 times smaller than 
our simulated time. Even if this were multiplied 
by their 'safety factor' of 10-100 to compensate 
for the dominant length scale, the magnetic field 
has been maintained for many times longer than 
their characteristic dissipation time. 

As suggested by Hide (1979), another check 
for a self-sustaining dynamo is that the absolute 
value of the radial magnetic flux averaged over 
the CMB does not decrease when averaged over 
long periods of time. This value in our simulation 
is typically 5 gauss and varies as much as +3  
gauss on a time scale of about 104 years; but 
there is no evidence of a decreasing trend in this 
value. 

As seen in Fig. 1, the kinetic and magnetic 
energies are time dependent.  We focus on the 
last half of the simulation because the solution 
needed to evolve, adjust, and forget its initial 
(random) conditions during the first half. It should 
be noted how the magnetic energy decreases, on 
the average, between 3.2 x 104 and 3.6 x 104 
years and then quickly recovers. The kinetic en- 
ergy grows to roughly twice its normal value be- 
tween 3.4 x 104 and 3.6 x 104 years, while the 
magnetic energy is low. This increase in kinetic 
energy is mainly due to an increase in the differ- 
ential rotation. This, in turn, generates more 
magnetic field which reduces the zonal flow and 
brings the kinetic energy in the differential rota- 
tion back down to normal. 

The total energy of the magnetic field within 
the inner core is usually no more than 10% of 
that within the outer core, and the total magnetic 
energy exterior to the outer core is usually less 
than 1% of the magnetic energy within the outer 
core. Typically, 30-70% of the total kinetic en- 
ergy in the outer  core is in the axisymmetric part 
of the east-west  flow, i.e. differential rotation; 

the axisymmetric meridional circulation typically 
represents less than 5% of the total kinetic en- 
ergy. Likewise, the axisymmetric part of the 
east-west  magnetic field, i.e. toroidal field, usu- 
ally represents 30-70% of the total magnetic 
energy, whereas the axisymmetric meridional 
field, i.e. poloidal field, typically accounts for 
1-20% of the magnetic energy in the outer core. 
However, the maximum poloidal field strength 
that occurs in the core is usually comparable 
with, and sometimes greater than, the maximum 
toroidal field strength. 

The kinetic and magnetic energy spectra and 
the temperature variance spectrum show drops of 
several orders of magnitude with spherical har- 
monic degree (starting at 1= 6), order, and 
Chebyshev degree. These large drops in energy 
and variance indicate that our solution (with the 
hyper-diffusivities) is numerically well resolved. 
The kinetic energy usually drops less than the 
magnetic energy and thermal variance probably 
owing to the strong effect of the nonlinear Lorentz 
force (4). 

Viscous and magnetic coupling at the ICB and 
CMB produce t ime-dependent rotation rates of 
our inner core and mantle relative to the frame 
of reference rotating at ~ = ~ .  The z-axis rota- 
tion rate of the inner core is almost always east- 
ward, i.e. prograde relative to the initial non-con- 
vecting state. It can be as large as a few times 
10 -9 rad s -1 and changes on a time scale of 
about 500 years. The off-axis rates change ampli- 
tude and direction on a shorter time scale but are 
seldom greater than 10 -1° rad s -1. The z-axis 
rotation rate of our mantle (relative to n )  can be 
either eastward or westward and is usually a few 
times 10-12 rad s-1, similar to the Earth's decadal 
variations in the length of the day (Hide and 
Dickey, 1991). The off-axis rates are roughly 10-14 
rad s -  i. 

The 3D structure of our solution is very time 
dependent.  A snapshot of the numerical solution 
(Figs. 2-4), at time 3.2 x 104 years of Fig. 1, 
illustrates typical thermal, flow and field struc- 
tures. Fig. 2 shows the temperature perturbation 
and the radial component of fluid velocity in a 
spherical surface (with equal area projections) at 
mid-depth in the outer core and the radial com- 
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ponent of the magnetic field at the CMB. The 
temperature structure at this time is character- 
ized by a large hot plume in the equatorial region 
and one in each polar region. The radial velocity 

Temperature at mid-depth 

Radial Velocity at mid-depth 

Radial Magnetic Field at CMB 

Fig. 2. A snapshot of the temperature perturbation (relative 
to the mean state) and the radial components of velocity and 
magnetic field in equal area projections of a spherical surface. 
The temperature and velocity are at mid-depth in the outer 
core and the magnetic field is at the CMB. Solid (broken) 
contours represent positive (negative) temperature perturba- 
tion and upward (downward) directed velocity and magnetic 
field. The temperature perturbation varies between + 4 x 10-  3 
and - 1 x 1 0  -3 K, velocity between +0.2 and - 0 . 1  c m s  -1 
and magnetic field between + 38 and - 2 5  gauss. 

Temperature 
N 

5 

Differential 
Rotation 

Helicity 

Meridional 
Circulation 

N 

1 
Fig. 3. A snapshot of the longitudinally averaged temperature 
perturbation, helicity, differential rotation (i.e. eastward angu- 
lar velocity relative to the rotating frame), and meridional 
circulation plotted in a meridian plane showing the inner and 
outer cores. Solid (broken) contours represent positive (nega- 
tive) values. For the streamlines of the meridional circulation, 
solid (broken) contours represent counter-clockwise (clock- 
wise) directed flow. The temperature perturbation varies from 
0 K at the CMB to 1.8X10 -2 K at the ICB, helieity in the 
range + 3 x  10 -9  cm s -2, angular velocity between + 4 . 8 x  
10-9 and - 5.4 × 10-9 rad s -  t (or zonal velocity between 
+0.30 and -0 .15 cm s - l ) ,  and the maximum meridional flow 
is 0.1 cm s -  1. 

has a similar pattern in addition to a 'Taylor 
column' structure at low latitude. These up- 
wellings and downwellings propagate in longitude 
(some westward, some eastward) with phase ve- 
locities comparable with the horizontal fluid ve- 
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locities and usually faster in the equatorial region 
than in the polar regions. However, throughout 
most of the outer core the fluid velocity and 
magnetic field are mainly horizontal and approxi- 
mately aligned with each other. Where relatively 
large radial components  do develop the local flow 
and field vectors remain aligned, either parallel 
or anti-parallel to each other, to minimize mag- 
netic field distortion. 

Our radial magnetic field at the CMB (Fig. 2) 
is a mixture of many modes, with the magnetic 
energy spectrum usually rather flat at the low 
spherical harmonic degrees, as it is for the Earth's 
CMB (Langel, 1987). Also,  as for the Earth, the 
largest flux concentrations do not exist exactly 
over the poles. The maximum radial magnetic 
field at the CMB is fairly time dependent; it 
ranges between about 10 gauss and 50 gauss. The 

low end of  this range is approximately today's 
value for the Earth (Bloxham and Jackson, 1992). 

The secular variation of the radial component 
of  our simulated magnetic field at the CMB has 
properties similar to the Earth's secular variation 
(Bloxham, and Gubbins, 1985; Bloxham and Jack- 
son, 1992). Some flux patches remain relatively 
stationary for long periods of time whereas others 
propagate, sometimes westward, somet imes  east- 
ward. It is difficult to assign an average velocity 
to a magnetic feature because these features are 
not simple traveling waves. They merge, split, 
accelerate, change direction, oscillate, decay and 
grow, and there are usually several different fea- 
tures on the CMB propagating at different speeds 
and in different directions at the same time. A 
typical velocity of  field lines at the CMB is 0.02 
cm s-z, roughly what has been measured on the 
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Fig. 4. A snapshot of the longitudinally averaged toroidal (i.e. east-west) magnetic field and longitudinally integrated poloidal (i.e. 
meridional) magnetic field in a meridian plane. The solid (broken) toroidal field contours represent eastward (westward) directed 
field; whereas solid (broken) poioidal lines of force represent counter-clockwise (clockwise) directed field. The toroidal field varies 
between + 130 and - 170 gauss and the maximum poioidal field is 210 gauss. 
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Earth (Stacey, 1922). This is a little smaller than 
our horizontal fluid velocity at 0.05d below the 
CMB, which can reach 0.1 cm s -], similar to 
estimates of the horizontal fluid velocity obtained 
from an inverse problem (Voorhies, 1986; Blox- 
ham, 1989; Whaler, 1990; Jackson et al., 1993) 
using the radial component of the magnetic field 
at the CMB and making several assumptions (e.g. 
frozen flux, tangentially geostrophic flow, steady 
flow). 

When our solution is averaged in longitude the 
resulting axisymmetric parts of the temperature 
and velocity show less time dependence than the 
3D structures. Their profiles (again at the same 
timestep) are displayed in meridian planes in Fig. 
3 which shows that most of the axisymmetric flow 
is taking place inside the 'tangent cylinder', the 
cylinder drawn parallel to the rotation axis and 
tangent to the ICB. Relative to the region inside 
the tangent cylinder, the region outside is nearly 
isothermal (except for the boundary layers) owing 
to the non-axisymmetric (Taylor column) convec- 
tion there. 

The angular rotation rate of the inner core 
(Fig. 3) is eastward, i.e. prograde, relative to the 
rotating frame of reference and to the mantle; 
however, there are stronger eastward zonal flows 
inside the tangent cylinder just above the ICB. In 
addition, there are westward jets inside the tan- 
gent cylinder near the CMB. Unlike the differen- 
tial rotation in solar dynamo models (Gilman, 
1983; Glatzmaier, 1984), which is maintained 
mainly by the convergence of the nonlinear 
Reynolds stress, here the strong zonal flow inside 
the tangent cylinder is maintained by the Coriolis 
force resulting from the meridional flow toward 
the rotation axis near the ICB and away from the 
axis near the CMB. There is also a weak west- 
ward thermal wind outside the tangent cylinder 
that usually peaks with the temperature in the 
equatorial region. 

The longitudinally averaged helicity, the dot 
product of velocity and vorticity, is also shown in 
Fig. 3. It is fairly small and uniform outside the 
tangent cylinder, negative in the northern hemi- 
sphere and positive in the southern hemisphere. 
It is much larger inside the tangent cylinder and, 
in the northern hemisphere, is typically positive 

(i.e. right-handed) near the ICB and negative 
(left-handed) near the CMB. If one considers 
only the radial contribution to helicity from the 
axisymmetric flows, it is clear that where the 
strong outward flow inside the tangent cylinder 
has an eastward (solid contours) zonal flow in the 
northern hemisphere or westward (broken con- 
tours) zonal flow in the southern hemisphere the 
velocity and vorticity are parallel, and so the 
helicity is positive (solid contours). 

During most of the simulation, the longitudi- 
nally averaged temperature and helicity and the 
differential rotation and meridional circulation 
have respective profiles that are qualitatively sim- 
ilar to those illustrated in the snapshot of Fig. 3. 
However, these profiles tend to become amplified 
in one hemisphere for a while and then in the 
other, with an oscillation 'period' of a few thou- 
sand years. For example, in Fig. 3 they are some- 
what greater in the northern hemisphere. 

The snapshot (at the same timestep) of the 
toroidal magnetic field, i.e. the axisymmetric east- 
ward and westward directed field, and the 
poloidal magnetic field, i.e. the axisymmetric 
meridional lines of force, is illustrated in Fig. 4. 
At this time there exists strong eastward directed 
field (solid contours) inside the tangent cylinder 
in the northern hemisphere and westward di- 
rected field (broken contours) in the southern 
hemisphere with somewhat smaller oppositely di- 
rected toroidal fields in the inner core and near 
the CMB. The poloidal field is mainly a combina- 
tion of dipolar and quadrupolar modes. It should 
be noted how the radial gradient of the zonal 
flow (Fig. 3) inside the tangent cylinder shears 
the existing poloidal field maintaining the toroidal 
field there (Fig. 4), and (see Fig. 1 of Glatzmaier 
(1985a)) how the right-handed helical flow (solid 
contours, Fig. 3) twists the existing eastward 
toroidal field (solid contours, Fig. 4) inside the 
tangent cylinder in the northern hemisphere 
maintaining the counter-clockwise (solid con- 
tours, Fig. 4) poloidal field there. The oppositely 
directed poloidal field is generated outside the 
tangent cylinder in the northern hemisphere near 
the CMB because helicity is negative (left-handed) 
there. 

The magnetic field diffuses into the inner core 
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from the ICB. As the field within the inner core 
can only undergo diffusion, it changes on a mag- 
netic diffusion time scale that is larger than the 
advective time scale for field in the outer (con- 
vecting) core. In addition, the radial gradient of 
the zonal flow is usually greatest near the ICB; 
this effectively generates toroidal field from 
poloidal field, always providing a strong source of 
new field at the ICB. However, as found in the 
axisymmetric intermediate dynamo solutions of 
Hollerbach and Jones (1993b, 1995), we find that 
the presence of a finitely conducting inner core 
diminishes the chaotic tendency the magnetic field 
otherwise would have in our 3D solutions. The 
thin (parametrized) conducting layer above the 
CMB provides magnetic coupling to the mantle 
but is less effective in stabilizing the evolution of 
the magnetic field in the upper part of the outer 
core. 

The longitudinally averaged magnetic field in 
most of the outer core normally has the opposite 
polarity to that in the inner core (Fig. 4). It also 
varies on a similar (advective) time scale as the 
axisymmetric temperature and velocity. A time 
series shows that this outer core field periodically 
attempts to reverse its polarity but usually fails 
and returns to its normal profile because the field 
in the inner core usually does not have enough 
time to decay away and allow the reversed polar- 
ity to diffuse in before the field in the outer core 
changes again. At times, it evolves in a manner 
very similar to one of our axisymmetric interme- 
diate dynamo solutions which undergoes a hemi- 
spheric oscillation but never reverses (Fig. 2c of 
Glatzmaier and Roberts (1993)). However, in that 
model the prescribed buoyancy force and helicity 
are time independent. In our present 3D solu- 
tion, the buoyancy and helicity are determined 
self-consistently; their time-dependent structures 
are influenced by the evolution of the velocity 
and magnetic field. 

During the first half of our simulation, the 
field went through several adjustments; however, 
our solution maintained the same magnetic polar- 
ity from 2.0 × 104 to 3.6 × 104 years. It then 
quickly reversed. It should be noted (Fig. 1) how 
the magnetic energy decreases, on the average, by 
about a factor of four during the 4000 years 

before the reversal and then quickly recovers 
after the reversal. 

4. Discussion 

To learn more about the structure and dynam- 
ics of the geodynamo we have computed and 
analyzed the first 3D self-consistent numerical 
solution of the MHD equations that describe 
thermal convection and magnetic field generation 
in a rotating spherical fluid shell with a conduct- 
ing solid inner core. Our solution is a self-sustain- 
ing dynamo that has maintained a magnetic field 
for three magnetic diffusion times. The pattern, 
amplitude, and secular variation of our radial 
magnetic field at the CMB and the changes in the 
length of the day are similar to those observed on 
the Earth. In addition, the horizontal flow just 
below the CMB has an amplitude like that in- 
ferred from inversions of the Earth's CMB field. 

Our solution has several interesting properties. 
In agreement with traditional assumptions for the 
geodynamo, total magnetic energy is at least three 
orders of magnitude greater than total kinetic 
energy, and the total energy in the (axisymmetric) 
toroidal field is usually several times greater than 
that in the (axisymmetric) poloidal field. How- 
ever, contrary to traditional assumptions, the 
maximum poloidal field strength in our solution 
is usually comparable with the maximum toroidal 
field strength. We also find that the maximum 
amplitudes of the longitudinally averaged tem- 
perature gradient, shear flow, and helicity occur 
inside the tangent cylinder and oscillate between 
the northern and southern hemispheres on a time 
scale of a few thousand years. These axisymmet- 
ric structures and their oscillatory time depen- 
dence have new implications for the alpha and 
omega profiles prescribed in mean field kine- 
matic and intermediate dynamo models. 

The solution also shows that the maximum of 
the longitudinally averaged magnetic field in the 
outer core oscillates between the two hemi- 
spheres with the maxima in the temperature and 
flow. However, only once in many attempts does 
the field succeed in reversing its polarity because 
the field in the inner core, which has the opposite 
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polarity to the field in most of the outer core, 
usually does not have enough time to reverse 
before the field in the outer core changes again. 
In addition, magnetic energy decreased for sev- 
eral thousand years before the reversal that did 
occur in our simulation and then quickly recov- 
ered after the reversal. 

Several model improvements will be needed to 
obtain more realistic simulations of the geody- 
namo. Abandoning the Boussinesq approximation 
and using a more realistic reference state with 
the anelastic approximation would be relatively 
simple improvement (Glatzmaier, 1995). Compo- 
sitional convection needs to be included (Bragin- 
sky, 1963). Viscous and thermal eddy diffusivities 
need to be tensor diffusivities to capture their 
local anisotropic properties (Braginsky and 
Meytlis, 1991; St. Pierre, personal communica- 
tion, 1994). Lateral variations in the radial heat 
flux at the CMB owing to large temperature 
variations in the lower mantle certainly must in- 
fluence the structure and dynamics of thermal 
convection in the outer core and possibly the 
magnetic reversal frequency (Hide, 1967; Loper 
and McCartney, 1986; Bloxham and Gubbins, 
1987). Topographic-coupling should take the 
place of the non-axisymmetric viscous coupling 
(Kuang and Bloxham, 1993). The effects on core 
dynamics of luni-solar precession of the mantle 
also need to be tested in a 3D model (Malkus, 
1968; Loper, 1975; Vanyo, 1991). Each of these 
improvements has the potential to alter dramati- 
cally the character of the dynamo solution. How- 
ever, each will require simulating a significant 
fraction of a magnetic diffusion time to analyze 
its effects, and just one simulation like the one 
presented here requires a tremendous amount of 
computing resources. 
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